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.Ifintheoptionmarketandthestockmarket,Coccursifandonlyif Definition2 艏艏 膆
*
S,thenthemarketsaresaidtobeinaorsimply. 艏艏 膆
* stablestatestable
Wewillnowinvestigatetheconditionsunderwhichthemarketssatisfythestability
condition.Thefollowinglemmagivesusthemoststringentconditions.
Wewillsupposethatthestockpriceprocessesaretwoperiodbinomialprocess. Lemma1.
Supposethatboththestockandtheoptionmarketareinthestateofcompleteinformationin
thestrongsense.Then,themarketsarestable.Namely,thepriceadjustingprocessbymeansof
thearbitragetradingstrategiesinbothmarketsareconsistent.
Iftheassumptionofcompleteinformationissatisfied,wecanassumethatS= Proof.
膖腩芕腪
艐
S=uS,S=S=dS.ItfollowsthatC=C,C= 艐艏艐艐艏艐艐艐
腩芕腪膖腩芄腪腩芄腪膖腩芕腪腩芕腪膖腩芄腪
C,and 艐
腩芄腪
6=quS+1-qdS/1+r, ⠩孝
膖膖膖
艏艏艏
whereq=1+rC-C/C-C.
膖膖膖腩芄腪膖腩芕腪膖腩芄腪 孝 艏艐艐艐
IfC,then 艏艏 膆
膖-9-
7q1+r-C/C-C=q. 孝
膖腩芄腪腩芕腪腩芄腪 膅 艏艐艐艐
Thus,wehave,
8quS+1-qdS/1+r=S.// 孝
膖
艏艏艏艏 膅
Theassumptionofthecompleteinformationisfartoostrong,wewillthereforeinvestigate
weakerconditionsunderwhichthemarketsarestable.Ofcourse,ifthereisnocomplete
information,theperspectiveofthefuturedistributionofthestockpriceinbothmarketsmaybe
different.Wewillconsiderseveralcasesthroughnumericalexamplesbelow.
Tofixtheidea,supposeintheoptionmarketSholds.Sincetheoptionpriceisan
膖
艏艏
increasingfunctionofthepresentstockprice,wemayexpectthatC.Butatthesame
*
艏艏
timetheoptionpriceisanincreasingfunctionofthevolatility.So,iftheexpectedvolatilityin
thestockmarketismuchbiggerthanthatofthestockmarket,thereverserelation
Cmayhold.Wewillillustratethesituationbythefollowingartificialexample. ⠼
*
00
Supposetheriskfreeinterestrateisr=0.1.Wewillconsiderthecalloptiononthe Example.
stockmaturingatday1withexercisepriceK=150yen.Inthestockmarket,wesupposethe
actualstockpriceis180yenpershare,andweexpectthenextdaystockpriceiseither270yen
or90yen.ItfollowsthattheMartingalemeasureisgivenbyq=180x1.1-90/270-90= ⠩
0.6.Hence=1/1.10.6x120=65.45yenPicture3. 艏 崩
孝 Picture3
S=270C=120 艐艐
腩芕腪腩芕腪
S=180= 艏艏
S=90C=0 艐艐
腩芄腪腩芄腪
Next,wewillconsiderthepricingproblemsintheoptionmarket.Incase1,wewillassume
thepredictedvolatilityintheoptionmarketisslightlysmallerthanthatofstockmarket,where-10-
asincase2,thevolatilityisfarmuchsmaller.
Supposethatthetrader'santicipationofthestockpriceoftheday1is263.25yen 孝 Case1
and92.25yen.Wealsosupposethattheoptionpriceinthemarketis63yen,whichislessthan
thetheoreticalvalueatthestockmarket=.Here,wehavetheMartingalemeasure 艏
:q=63x1.1-0/113.25-0=0.612andthushave=1/1.1263.25x0.612
膖膖 ⥻ 艏
+92.25x0.388=178.90thisislessthan180.Andinthiscasethepriceadjustingprocesses ⠩
mayworkproperlySeePicture4. 崩
孝 Picture4
S=263.25C=113.25
膖腩芕腪膖腩芕腪
艐艐
C=63
膖膖
艏艏
S=92.25C=0
膖腩芄腪膖腩芄腪
艐艐
Ifintheoptionmarket,thetrader'santicipationofthenextdaystockpriceiseither 孝 Case2
243yenor99yen,wherethevolatilityissubstantiallysmallerthanthecase1.Thentheoption
priceswillbeeither93yenor0yen.Ifthemarketpriceoftheoptionis63yenasabove,then
theMartingalemeasureisgivenbyq=63x1.1-0/93-0=0.745,andtherefore=
膖膖 ⠩ 艏
1/1.1243x0.745+99x0.255=187.54180.Andinthiscasethepriceadjustingprocesses 㸩
maynotworkproperlyPicture5. 崩
孝 Picture5
S=243C=93
膖腩芕腪膖腩芕腪
艐艐
C=63
膖膖
艏艏
S=99C=0//
膖腩芄腪膖腩芄腪
艐艐
Itiseasilyseenfrom3andbysomealgebrathatthearbitragefreestockpriceis ⠩
膖
艏
givenasthesolutionofthefollowingequation,
⥽ 9C=1+rqC+1-qC
膖腼艐膖膖⢂膖膖⢂萩
艏艐艐
impliedstock whereq=1+r-S/S-S.Namely,isan
膖膖膖腩芄腪膖腩芕腪膖腩芄腪膖 孝 艏艐艐艐艏-11-
.Andthisfactisthekeysteptoextendourresultstothe pricegivenrandtheoptionpriceC
膖
艏
continuoustimeandstatemodelsinthenextsection.
ItisnotdifficulttoseethatifS-SismuchbiggerthanS-S,then 艐艐艐艐
膖⢂膖⢂萩 ud
thereisachancethatCandSoccurs.Toseethis,weshallsupposer=0 艏艏艏艏 㸼
膖膖
forsimplicity.Itfollowsfrom2and9that ⠩
10S=S-S+SC-SC/C-C,and 筽 艏艐艐艏艐艐艐艐艐艐
⠩ udduudud
筽 11=S-SC+SC-SC/C-C
膖膖⢂膖⢂膖膖⢂膖⢂膖⢂膖⢂膖⢂膖⢂萩
艏艐艐艏艐艐艐艐艐艐
Forsome0and0,letussupposeA=S-S=S-S-, 菃菅嶃 艐艐艐艐
膖⢂膖⢂萩 ud
anda=C-C=C-C-,say.Then,Sifandonlyif 菅⤼ 艐艐艐艐艏艏
膖⢂膖⢂⦁ ud
A+SC-SC/a 筽 艏艐艐艐艐
⠩ duud
⠩ 12
菃菅A-C+SC-SC/a-
膖膖⢂膖⢂膖⢂膖⢂萩
艏艐艐艐艐
ItisnotdifficulttoseethatevenifC,withsufficientlylargeandtherefore 艏艏 菃
膖
large,SC-SCmaybesufficientlysmallerthan 菅孝 艐艐艐艐
⠩ duud
⦃ SC-SCsothattheequation12holds.Themagnitudeofthe
膖⢂膖⢂膖⢂膖⢂萩
艐艐艐艐
correspondstothedifferenceofthevolatilityforecast.
Wehaveprovedheuristicallythatthedifferenceofthevolatilityforecastbetweenmarkets
maycausetheturmoilinthefinancialmarkets.Toobtainthequalitativeconditionsunderwhich
themarketstabilizationisdifficultandmessyeveninthissimplemodel.
Toclosethissection,wewillanswertothepossiblecriticismagainstourformulation.One
ofthecriticismisthatsincethestateofnaturesatthestockmarketandtheoptionmarketare
differentinourformulation,therewillbenoequivalentmeasureappliedtobothmarkets.
Thereforethesemarketscannothavethesametransactiontotheseassetsandthemodelmay
notbereasonable.Inthispaper,wewillsimplymentionthefollowingreasonwhichanswersthe
question.Wewillclaimthatthebinomialmodelsaretheapproximationstothegeneral-12-
continuostimestatemodelswhicharediscussedinthenextsection.Andintheoriginalmodel,
thepossiblestatesareassumedtobethesubsetofthereallineandthebothmarketscanhave
thesametransactions.Alsowestillbeabletoassumethedifferentvolatilitiesinthesemarkets.-13-
3.Continuoustimemodels. 膘
InthissectionwewillassumeBlack-Scholesmodelforthestockpriceprocesses.Suppose
that,and,arethepredicteddriftandvolatilityatthestockandtheoption 菊菐菊菐
膖膖
marketrespectively.Thenthepredictedstockpriceprocessineachmarketsaregivenasfollows:
菊菐⠩ 13dS=Sdt+SdW,S=sStockMarket 芔芔芔芔艏
菊菐⠩ 14dS=Sdt+SdW,S=sOptionMarket
膖膖膖膖膖膖
芔芔芔芔艏
WewillconsidertheEuropeancalloptiononthisstockwithmaturityT,andexerciseprice
K.Andweshallsupposetheriskfreeinterestrateisrandwewilluseacontinuously
compoundinginterestrate.
芔芔 Inthestockmarket,giventhetimetstockpriceS,thetimettheoreticaloptionprice
isgivenbythefamousBlack-Scholesformula,
15=Sh-eKh-T-t, 莳莳菐⠩ 芔芔
腼芒腩艳腼芔腪艐腞艑
wheredenotesthestandardnormaldistributionfunction,and 莳
16h=logS/Ke+/2T-t/T-t. 菐箃⠩ 芔
腼芒腩艳腼芔腪艑艐腞艑
Asintheprevioussection,iftheactualoptionpriceCisdifferentfrom,thereisan
膖
芔芔
arbitrageopportunity.Forexample,ifC,thenthestrategyofsellingthestockand 芔芔
膖
buyingtheoptionwillgivesusanarbitrageopportunity.
IntheoptionmarketwearegiventhemarketpriceoftheoptionC.Then,thetimet 芔
膖
theoreticalstockpricemaybeobtainedimplicitlybysolvingthefollowingequationswith
膖
芔
respectto:
膖
芔
17C=h-eKh-T-t, 莳莳菐⠩
膖膖膖腼芒腩艳腼芔腪膖膖艐腞艑
芔芔
where
18h=log/Ke+/2T-t/T-t. 菐菐⠩
膖膖腼芒腩艳腼芔腪膖艑膖艐腞艑
芔-14-
Inthismarket,thetradersmaybeinterestedinobservingthedifferencebetweenthe
theoreticalstockpriceandtheactualstockpriceS.And,ifS,thenthestrategy
膖膖
芔芔芔芔
ofsellingthestockandbuyingtheoptionwillgiveusanarbitrageprofit.Here,ifwehave
SandC,asintheprevioussection,wemayfacewiththeproblemofthe 芔芔芔芔 㸼
膖膖
marketinstabilitySeeDefinition2. ⠩
Ofcourse,iftheinformationiscompleteinthestrongsenseofDefinition1,thentheboth
marketsharethesamefuturedistributionofthestockprice.ThereforeS=and 芔芔
膖
=Cmustholdandthemarketsareinthestablestate.Wewillseethatthestablestate 芔芔
膖
maybeachievedevenundertheweakerassumption.Andforthispurposewewillstatethe
following,
.Ifbothstockandoptionmarketspossessthesameprospectofthefuture Definition3
complete volatilitiesofthestockpriceprocesses,wesaythatthesemarketspossessthe
informationintheweaksenseinthestateofcomplete .Inthiscase,thesemarketsaresaidtobe
.// informationintheweaksense
Ifthemarketareinthestateofcompleteinformationintheweaksense,thenbothmarket
usethesamevolatilityvaluetocalculatetheBlack-Scholes'formula;=.Sincethe 菐菐
艑膖艑
芔芔 optionpriceistheincreasingfunctionofthestockpriceforfixedvolatilityvalues,C 膆
膖
holdsifandonlyifS.Andthesemarketsareinthestablestate.Wehavethustrivially 芔芔 膆
膖
provedthefollowing,
Supposethestockpriceprocessesaregivenby13and14.Supposealsothatthe Lemma2. ⠩
stockandoptionmarketareinthestateofcompleteinformationintheweaksense.Then,the
marketsarestable.//
Iftheassumptionofthecompleteinformationintheweaksensedoesnothold,thetrouble
mayoccurifCandorCand.Intheformer 芔芔芔芔 菐菐菐㲃
膖艑膖艑膖艑膖艑
case,thereisachancetohaveSandC,andinthelattercase,wemay 芔芔芔芔 㸩
膖膖-15-
haveSandC.Inbothcases,themarketswillbeintheunstablestateand 芔芔芔芔 㰩
膖膖
thenoarbitragepricingmechanismwillbreakdown.Analyticallyobtainingtheareaof
S,,,wherewehavestablestatemaybedifficult,butitmaybeobtained 菐菐 芔芔
膖艑膖艑
numericallyineachcase.-16-
. 膘 4.ConcludingRemarks
Thispaperisinconclusiveatleastintworespects.Thefirstoneisthatwehavenot
obtainedtheanalyticalconditionsunderwhichthemarketsarestable.Thesecondproblemis
thatwedidnotconductanyempiricaljustification.Fortheempiricalstudyofthisproblem,we
needtocollectthetrader'sperspectiveofthefuturevolatilityvalueswhichmayhavebeenused
tosetupthebasicparametersinthecomputertrading.Ortheuseoftheimpliedvolatilities
maygiveussomehint.Wewillcontinuetoworkontheseissuesandwillpresenttheresult
elsewhere.
TheauthorthanksDr.Jin-ChuanDuanandtherefereeforvaluablecomments Acknowledgment.
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